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Abstract 
In this paper it is proved that if the chromatic polynomial P(G; 2) is maximum for 2 = 3 in 
the class of 3-chromatic 2-connected graphs G of order n, then G is isomorphic to the graph 
consisting of C4 and Cn-l, having in common a path of length two for every even n/> 6. This 
solves a conjecture raised in (Tomescu, 1994). Also, the fourth maximum chromatic polynomial 
P(G; 2) for 2 = 3 in the class of 2-connected graphs of order n and all extremal graphs are 
deduced for every n >~ 5. 
1. P re l iminary  def init ions and results 
Let xy  be an edge of  a graph G. By G -xy  we mean the graph obtained from G by 
deleting xy. By G/xy we mean the graph obtained from G by identifying the vertices 
x and y, i.e., (i) by deleting both x and y and all the edges incident to them, and 
(ii) by introducing a new vertex z and joining z to all the neighbors of x different 
from y and all the neighbors of  y different from x in G. 
A graph G is a minimal block i f  G is a block (G is 2-connected or K2) and for 
every edge e, the graph G - e is not a block. 
The following property can be easily deduced from well-known results about minimal 
blocks [1,3] (see also [2, Problem 6.33]): 
Lemma 1.1. Let G be a minimal block of order n >1 5 that & not a cycle. Then 
there exist a minimal block B, two distinct vertices a, b E V(B) and a path P : 
ul, u2 . . . . .  ur ( r>~l ) ,  ui ~ V(B) for 1 <~ i <<, r, such that G is isomorphic to the 
graph obtained from B and P by joining Ul with a and ur with b. 
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Let ~ be the family of all 2-connected graphs of order n, P(G; 2) be the chromatic 
polynomial of G and x(G) its chromatic number. 
Let D~ (n ~> 5) be the graph consisting of a 4-cycle in which two nonadjacent 
vertices are connected by a newly added path of length n - 3. Note that D5 --- K2,3. If  
'nonadjacent' is replaced by 'adjacent', the resulting graph is denoted Fn. Hence, Fn 
consists of two cycles Ca and C~-2 having a common edge. 
Let Gn,r be a graph consisting of C~-1 (n ~> 5) and a vertex x ~ V(C~-I) that is 
adjacent with two vertices a,b of Cn-i such that their distance dc,_,(a,b) = r, where 
2 ~< r ~< L(n - 1)/2J. 
En, r denotes a graph consisting of C~-2 (n >/8) and an edge xy, where 
x, y q~ V(Cn-2); x is adjacent with a and y with b such that dc,_2(a,b) = r, where 
3~<r~< Ln/EJ -1 .  
The following results were obtained in [4]: 
Lemma 1.2. Let G be a graph and x E V(G) such that the degree d(x) is 2 and the 
neighbors u and v of x are not adjacent. I f  G1 = G-x  denotes the subgraph obtained 
from G by deleting x and its incident edges, then 
P(G; 2)= (2 -  2)P(G1; 2)+P(G1/uv;  2). 
Lemma 1.3. For every n >t 5, the following equalities hoM: P(g2,n-2; 3) = 2 n-I q- 
2 n-2 + 6, P(Dn; 3) = 2 n-1 + 2 n-2 + ( -1)n-16 and P(Fn; 3) = 2 n-1 + 2 n-2 + (--1)n6. 
Lemma 1.4. For every 2 ~> 3, P(Gn, r; 2) is maximum if and only if r = 2 (i.e., Gn, r '~ 
D~). 
It can be easily seen that if r >I 3 for every 2 t> 3, then P(G~,r; 2) is maximum if and 
only if r = 4 since [4] 
P(G.,r; 2) = (2 - 2)P(Cn--1; 2) + --~((2 -- 1)n--~ + (-- 1)n--~(2 -- 1 )2 
+(- -1 )n - l - r (2 - -  1) r+l +( - -1 ) r (2 - -  1) n-r) 
and the product of the last two members in the sum is constant. 
Lemma 1.5. Let Hn,p be the graph of order n cons&ting of two cycles Cp and Cn+2-p 
having a common edge, where n >~ 6 and 3 <~ p <~ [n/2J + 1. Then for every 2 >~ 3, 
P(Hn,p; 2) is maximum if and only if p = 4 (i.e., Hn,p ~ Fn). 
Theorem 1.6. In the class ~n of 2-connected graphs of order n >>. 3, we have 
max{P(H;2) :H  E J~n} = (2 -  1) ~ +( -1 )~(2  - 1) 
for every 2 >1 3. The extremal graphs are cycles Cn; for n = 5 and 2 = 3, there 
exists another extremal graph, namely K2,3. 
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For 2 = 3 the extremal graph that realizes maxP(G; 3) in the class of 2-connected 
graphs of order n that are not cycles is not unique for every n/> 6. More precisely, 
the following property holds [4]: 
Theorem 1.7. I f  G & a 2-connected graph of order n, n >>. 5, such that G ~ C~ and 
P(G; 3) is maximum in the class ~n\{C~}, then G ~ Kz,n-2 or Dn for odd n and 
G ~ K2,~-2 or F~ for even n. 
In this paper we consider the following problems: 
Determine all G E ~n such that 
(a) P(G;3) = max{P(H;3) :H  E ,~n\{Cn, K2,n-2, Dn}} for every n odd, n >~ 5; 
and 
(b) P(G;3) = max{P(n ;3) :n  E O~n\{Cn, K2,n-2, Fn}} for every n even, n ~> 6. 
The solution of this problem in case (a) is Fn for n/> 5. As can be expected, in case 
(b) the solution is On, but this holds only for n >/8 and the uniqueness of this solution 
is true only for n ~> 10. As a consequence it is shown that if n is even, n/> 6 and 
P(G;3)= max{P(H;3) :H  E ~n and )~(H) = 3}, then G ~-Dn. 
2. Cases n = 5, 6 and 8 
We need two preliminary results: 
Lemma 2.1. For every n >>. 8,2/> 3, and r >/3, P(En, r;2) is maximum if and only if 
r~-3.  
Proof. By Lemma 1.2, we deduce that 
P(En, r; 2) -- (,~ - 1)(2 - 2)P(Cn-2; 2) q- P(nn-2,r+l; 2) 
and for every 2>>-3,P(Hn-2,r+l;2) is maximum if and only if r=3 by 
Lemma 1.5. [] 
Lemma 2.2. Let G be a minimal block of order n >>. 4 and u, v be nonadjacent 
vertices of G. Then for every 2 >~ 3 
P(G/uv;2) <<. (2 -  1) n-1 +(2-  1) n-2 (1) 
and the equality holds if and only if G ~- K2,n-2 and {u, v} constitutes the 2-element 
part of K2,n-2. Otherwise 
P(G/uv;2) <~ (2 -  1) n-1 +(2-  1) n-4. (2) 
Proof. From the structure of minimal blocks (Lemma 1.1 ), it follows that G/uv is either 
2-connected or it consists of r t> 2 blocks B1 . . . . .  Br (edges or 2-connected graphs) 
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having a common vertex z. I f  G/uv is 2-connected, from Theorem 1.6, it follows that 
P(G/uv;2) ~<(2-  l) n-I  -+- ( -1 ) " -1 (2  - 1) < (2 -  l)  n-I  +(2 -  1) n-2 
for every n ~> 4 and 2/> 3. Otherwise, we have 
r 
P(G/uv; 2) = ~ H P(Bi; 2). (3) 
i=1 
I f  I f(Bi)l = p/> 3, we can write 
P(B i ;2 )  <~ (2 - 1) p -Jr- ( -1 )P (2  - 1) ~< (2 - 1) p + (2 - 1). 
By replacing B i by p -  1 edges having z as a common vertex we obtain another 
graph B* and 
P(Bi;2) < P(B*; 2 )= 2(2 -  1) p-1 = (2 -  1) p + (2 -  1) p-1 
for every p ~> 3 and 2 ~> 3. Hence, from (3), it follows that (1) holds and equality 
occurs if and only if G/uv consists of n - 2 edges having a common vertex, or G - 
K2,,-2. I f  G 7 K2,,-2, it can be easily seen that P(G/uv;2) is maximum only if 
one block Bi is C4 and the remaining ones are edges; hence, in this case P(G/uv; 2) ~< 
( (2 - -  1)4- '[ -(2 - 1) ) (2 -  1) "-5 =(2-  1) n-1 -'~- (2 -- 1) n-4. [] 
Theorem 2.3. (a) I f  G is a 2-connected graph of order 5 such that P(G; 3) is maxi- 
mum in the class ~5\{C5, K2,3}, then G TM Fs. 
(b) I f  G is a 2-connected graph of order 6 such that P(G; 3) is maximum in the 
class ~6\{C6,/(2,4,  F6}, then G TM /£3,3 -e ;  tf P(G; 3) is maximum in the class 
o~6\{C6,K2,4,F6,K3,3 - e} then G TM K3, 3 or D 6. 
(c) I f  G is a 2-connected graph of order 8 such that P(G; 3) is maximum in the 
class ~8\{C8,  1£2,6, Fs}, then G ~- D8 or E8,3 (see Fig. 2). 
Proof. First we shall observe that if xy ~ E(G),  then P(G; 3) >~ P(G +xy; 3) and this 
inequality is strict if g(G/xy) ~< 3 since P(G; 3) = P(G + xy; 3) + P(G/xy; 3). 
(a) All minimal blocks of order 5 are (75 and/£2,3 ~ Ds. I f  x, y are two nonadjacent 
vertices of (75, we find that C5 + xy TM Fs. I f  u, v are two nonadjacent vertices of Fs, 
then x(Fs/uv) <<. 3; hence, P(Fs+xy;3) < P(Fs;3) .  I f  {x, y} and {u, v, w} denote the 
partite sets of K2,3, then P(K2,3 +xy; 3)= 6 < P(K2,3-k-uv; 3 )= 12 < 18 = P(Fs;3) ,  
which proves the uniqueness of Fs. 
(b) For n = 6 we obtain three minimal blocks: C6,D6 and K2,4 (see Fig. 1). I f  x, y 
are two nonadjacent vertices of C6, then C6 + xy is isomorphic to F6 or G 1 and if 
{u, v} denotes a pair of nonadjacent vertices of F6, then F6 q -uv  TM G~, G36 or K3, 3 - -e .  
We deduce that P(K3,3 - e;3) = 48 > P(K3,3;3) = P(D6;3) -- 42 > p(G1;3)  = 
30 > P(G63;3) = 24 > p(G2;3)  = 18. I f  {u, v} and {a, b, c, d} denote the partite 
sets of/£2, 4, we obtain P(K2, 4 -]- uv; 3) = 6 and P(K2, 4 -[- ab; 3) = 24 and if x, y are two 
nonadjacent vertices of/(3,3 - e such that xy ~ e, then P(K3,3 - e +xy; 3) ~< 24 since 
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Fig. 2. 
this graph contains a subgraph isomorphic to G6 z or G63. By the identification of any 
pair of nonadjacent vertices of D6 or K3,3, we obtain a graph G such that z(G)  <~ 3 
which proves the uniqueness of D6 and K3,3 in the respective class. 
(c) Let G be a 2-connected graph of order 8 such that P(G; 3) is maximum in the 
class ~8\{C8,/£2,6, F8}. We may suppose that G is a minimal block. Since G 7 6"8, 
by Lemma 1.1, there exist a minimal block B, two distinct vertices a, b of B and a 
path P : ul, U2 . . . . .  U r (r >1 1 ), ui ~ V(B) for 1 ~< i ~< r, such that G is isomorphic to 
the graph obtained from B and P by joining by an edge ul with a and Ur with b. It is 
clear that 1 ~< r ~ 4 since IV(B)[ ~> 4 because very minimal block does not contain 
triangles. We shall consider two cases: Case 1, r ~> 2 and Case 2, r = 1. 
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Case 1: By choosing x to be one of the vertices U 1 . . . . .  Ur, the graph G1 = G - x 
has the following form: two paths (one may be empty) containing together -  1 /> 1 
vertices joined by their extremities with distinct vertices a, b of a minimal block B of 
order 8 -  r. From Theorem 1.6, it follows that 
P(G1;3) = 2r-lP(B; 3) ~< U- Ip (cs -~;  3) = 2 7 -t- (--1)8-~2 r ~< 2 7 q- 2 4 
and P(G1; 3) = 27 q- 24 if and only if r = 4 and B -~ C4. Hence G ~ Ds. If u and v 
denote the vertices adjacent with x in P, from Lemma 1.2, we deduce that 
P(G;3) = P(Ga;3) +P(Gl/uv;3). (4) 
For r = 4, one obtains that minimal block B ~ C4; hence, G ~ D8 since G ~ Fs. 
If r = 3, one finds that B ~ C5 or/£2,3. It is clear that in this case Gl/uv E ~6\  
{C6,F6}, and Gl/uv TM Kz,4 implies that G = G~, and G1/uv ~ K3,3 - e implies that 
G ~ G~ (see Fig. 2). 
But p(G2; 3) = 168 < P(G~; 3) = 174 < P(Ds; 3) = 186. If G~/uv E ~6\{C6,  K2,4, 
F6, K3,3-e}, it follows by (b) that P(G1/uv; 3) ~< P(D6; 3) = 42. From (4), one obtains 
that P(G; 3) ~< 27 + 24 -t-42 = 186 but in this case the equality cannot be reached. 
If r = 2, we get G1/uv E ~6 and 
P(G; 3) = 2P(B; 3) + P(G1/uv; 3). 
In the case when B 7 C6, it follows that G1/uv ~ C6 and from Theorem 1.7 we de- 
duce that P(G~/uv; 3) ~< P(F6; 3) = 54 and P(B; 3) ~< P(F6; 3); hence, P(G; 3) ~< 162 < 
P(D8; 3), and G cannot be extremal. Otherwise, B ~ C6, hence, G -~ G8,3 or E8,3 since 
G ~ F8. We get P(Gs,3;3) < P(Gs,2;3) by Lemma 1.4 and G8,2 ~ Ds;P(Es,3;3) = 
P(D8; 3). 
Case 2: If  r = 1 and G1 = B = Cn-1, it follows that dco_,(u, v) >~ 2. From Lemma 
1.4, one obtains that P(G; 3) ~< P(Ds; 3) and equality holds if and only if G ~ D8. 
Otherwise, B 7 C,_1 and 
P(G;3) = P(B;3)+P(B/uv;3), 
where P(B; 3) ~< P(K2,5; 3) = 26 q- 25 + 6 by Theorem 1.7; P(B/uv; 3) ~< 26 q- 23 by 
Lemma 2.2 since G ~ K2,6. Hence, P(G;3)  ~< 27 +25 +23 -t-6 = 174 < P(Ds;3) and 
G cannot be maximal. 
Since z(G/uv) ~< 3 where G is D8 or E8,3 and {u, v} is any pair of nonadjacent 
vertices of these graphs, we cannot find another extremal graph. [] 
3. Main result 
Theorem 3.1. (a) I f  G is a 2-connected 9raph of order n, n >>. 5, such that P(G; 3) 
is maximum in the class ~n\{Cn, K2~-2, Dn}, then G ~- Fn for odd n. 
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(b) I f  G is a 2-connected 9raph of order n, n >1 8, such that P(G;3)  is maximum 
in the class ~. \{C , ,  K2,n-2, Fn}, then G ~ Dn for even n; for n = 8 there exists 
another extremal 9raph, namely, E8,3. 
ProoL By Theorem 2.3 the property is true for n = 5 and n = 8, respectively. Sup- 
pose that the theorem is true for all 2-connected graphs of  order at most n - 2 
and let n odd, n t> 7 and G of  order n such that P (G;3)  = max{P(H;3)  : H E 
~n\{Cn, K2,n-2, Dn}}, and let n even, n t> 10 and G of  order n such that P (G;3)  = 
max{P(H;  3) : H E ~n\{Cn, K2,n-2, Fn}}. As in the proof of  Theorem 2.3(c) we can 
suppose that G is a minimal block. Since G 7 C,, there exist a minimal block B, two 
distinct vertices a, b of  B and a path P : Ul . . . . .  ur ( r /> 1 ), ui ~ V(B) for 1 ~< i ~< r, 
such that G is isomorphic to the graph obtained by joining by an edge ul with a and 
ur with b. 
We shall consider two cases: Case 1, r >i 2 and, Case 2, r = 1. 
Case 1: In this case, let x be one of  the vertices Ul . . . . .  u~. It follows that d(x) = 
2, 2 ~< r ~< n - 4 and if u, v are the neighbors of  x (uv q~ E(G) since G is a minimal 
block), by Lemma 1.2 we deduce that 
P(G; 3) = P(G1; 3) + P(G1/uv; 3), 
where GI = G -x .  We have 
P(G1; 3) = 2 r- 1P(B; 3 ) ~< 2 n- 1 + (_  1 )n-r2~ ~< 2 n- 1 + 2n-4  
by Theorem 1.6 and equality holds only i f  B ------ Ca; hence G ~- Dn or Fn. We shall 
consider two subcases: Subcase 1.1, n is odd; Subcase 1.2, n is even. 
Subcase 1.1: Consider first r ~> 4. In this case Gl/uv ~ C~-2, K2,n-4, Dn-2. By the 
induction hypothesis and Lemma 1.3 we deduce that 
P(Gl/uv;3) <~ P(Fn-2;3) = 2 n -3  -q- 2 n -4  - 6 
and the equality holds i f  and only i f  G1/uv ~ Fn-z, i.e., r = n -4 ,B  ~ Ca and G ~ Fn. 
It follows that 
P(G; 3) ~< 2 n-1 + 2 n -4  -k- 2 n -3  -k- 2 n -4  -- 6 = P(Fn; 3) 
and the equality holds i f  and only if G ~ Fn. I f  r = 3, we deduce also that Gl/UV 
Cn-2. I f  Gl/uv ~- g2,n_4, then B ~ K2,n-5, P :ul, u2, u3 and {a, b} constitutes a partite 
set of  K2,n-5 (for n = 8 this graph is G~ in Fig. 2). In this case 
P(G; 3) = 4P(K2,n-5; 3) + P(g2,n-4; 3) = 2 n-I q- 2 n-4 q- 30 < e(Fn; 3) 
for every n >~ 9. For n = 7, we have G ~ D7, which contradicts the hypothesis. I f  
Gl/uv ~ D,-2, it follows that B ~ C,-3 and G ~ G,,4. For n = 7, we have G ~ DT, 
which contradicts the hypothesis. One obtains 
P(Gn,4; 3) = 2 n-I q- 2 n-3 q- 2 n-4 q- 14 < 2 n- l  + 2 n-2 - 6 = P(F,; 3) 
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for every n ~> 9. For r = 3, if Gl/uv ~ Cn_2, g2, n_4, Dn-2, we have G1/uv TM F,_2 
only for n = 7 and G ~ FT; and for n >~ 9, by the induction hypothesis P(G1/uv;3) < 
P(F , -2 ;  3); hence P(G; 3) < P(F,; 3). It follows that G cannot be extremal. If r = 2, 
then Gl/uv E ~, -2  and B E ~, -2 ;  hence, by Theorem 1.6, we get 
P(G; 3) = 2P(B; 3) + P(G1/uv; 3) ~< 3P(Cn-2; 3) = P(Fn; 3) 
and equality holds if and only if G ~ F~. 
Subcase 1.2: For r /> 4 it follows that Gl/uv ~ Cn_2,K2,n_4,Fn_2" ~hence, 
P(Gl/uv;3) ~ P(D,-2;  3) = 2 n -3  -q- 2 n -4  - 6 
and the equality holds if and only if Ga/uv TM Dn-2, i.e., G TM Dn or G1/uv ~- 
E8,3 for n = 10. Consequently, in the same way as for subcase 1.1 we deduce that 
P(G; 3) ~< P(D,; 3) and equality holds if and only if G ---D,. 
For r = 3 and G~/uv -~ K2,,-4, in the same way as for the previous subcase, one has 
P (G;3)  < P(D~;3) for every n ~> 10. I f  G~/uv TM F,-2, it follows that G ~- Hn-2,6, 
i.e., it consists of two cycles C6 and Cn-4 having a common edge. In this case 
P(G; 3) = ~P(C6; 3)P(Cn-4; 3) = 2 n-1  q- 2 n-3 + 2 n -4  q-- 22 < 2 n-1 + 2 n-2 - 6 
=P(D,;3) for every n~> 10. 
In the case r = 3 and n ~> 10, if G1/uv ~ Cn_2, K2, n_4, Fn_2, we have Gl/uv TM Dn-2 
only for B ~ C,-3 and dco_3(a, b) = 2. But in this case P(G1; 3) < 2 "-1 +2 n-4 which 
implies P (G;3)  < P(Dn;3); hence G is not extremal. 
If r = 2, it follows that B ~ C,-2 or B ~- Cn-2 and dc,_2(a, b) >~ 2 since G ~ Fn. If 
B ~ Cn-2, from Theorem 1.7 it follows that P(B;3)  ~< P(Fn-2;3) and P(G1/uv;3) <~ 
P(Fn-2; 3); hence, 
P(G; 3) = 2P(B; 3)+P(G1/uv; 3) ~< 3P(Fn-2; 3) = 2 n-1  +2n-4+ 18 < 2 n-1 +2 n-2  -- 
6 = P(Dn;3) for every n/> 8, and hence, G is not extremal. In the case B ~ Cn-2 and 
dc,_2(a, b) = d/> 2, if d = 2, then G ~- Gn,3 and 
P(Gn, 3;3) = 2 n-1 + 2 "-3 + 2 < P(D, ;3 )  for n ~> 10. I f  d >~ 3, then G ~ E,,d and 
by Lemma 2.1, we get 
P (G;3)  <~P(En, 3;3) = 2 n-1  - ] -2  n -3  +2 n -4  q- 10 < P(Dn;3) 
for every n ~> 10. Hence, for r = 2, G cannot be extremal. 
Case 2: By considering two subcases: 2.1, n odd; and 2.2, n even; we obtain: 
Subcase 2.1: I f  B ~ Cn-1, it follows that G ~ Gn, a where d >/3, since G ~ Dn. 
Hence, P (G;3)  <~P(Gn,4;3) < P(Fn;3) for every n ~> 9 (see Subcase 1.1). For n = 7, 
it follows that B ~ C6; hence G ~ G7,3 since, G {g D7 and the maximum distance 
between two vertices of C6 equals three. But in this case 
P(G7,3;3) -= 26 -4- 24 - 2 < 26 q- 25 - 6 = P(F7;3). 
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I f  B ~ C.-1, then P(B;3) ~< P(K2,n-3;3) = 2 n-2 -]- 2 n-3 -1- 6; since G ~ K2,n-2, by 
Lemma 2.2, it follows that P(G1/uv; 3) ~< 2 "-2 + 2 n-5. We deduce that 
P(G; 3) = P(B; 3) + P(Gl/uv; 3) ~< 2 n-1 + 2 "-3 + 2 n-5 + 6 < P(Fn; 3) 
for n ~> 8. 
Subcase 2.2: I f  B ~- Cn-1, it follows by Lemma 1.4 that P(G;3)~<P(D. ;3)  and 
the equality holds if and only if G ~ Dn. I f  B ~ C.-1, since G ~ K2,.-2, it follows 
that P(G1/uv;3)<~ 2" -2+ 2 "-5 and exactly in the same way as for Subcase 2.1 one 
obtains that P(G; 3) < P(Dn; 3). 
If G is Dn for n even, n ~> 8; F. for n odd, n >~ 5 or E8,3, and {x, y} is any pair of 
nonadjacent vertices of G, we obtain that g(G/xy) ~< 3 which proves the uniqueness 
of these extremal graphs. [] 
The following corollary gives a positive answer to a conjecture proposed in [4]. 
Corollary 3.2. I f  n is even, n >~ 6 and 
P(G;3)  : max{P(H; 3) : H E ~n and z(H) -- 3}, 
then G TM On. 
Proof. The proof follows from Theorems 2.3 and 3.1 since, for n even g(Dn) = 3 but 
Cn, Fn, K2,,-2, /£3,3 - e, K3,3 and E8,3 are all bipartite graphs. [] 
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